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Oscillatory Vertical Coupling between a Whispering-Gallery Resonator and a Bus Waveguide
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We report on a theoretical and experimental study of the optical coupling between a whispering-gallery
type resonator and a waveguide lying on different planes. In contrast to the usual in-plane geometry, the
present vertical one is characterized by an oscillatory behavior of the effective coupling as a function of
the vertical gap. This behavior manifests itself as oscillations in both the resonance peak waveguide
transmission and the mode quality factor. An analytical description based on coupled-mode theory and a
two-port beam-splitter model of the waveguide-resonator vertical coupling is developed for arbitrary
phase-matching conditions and is successfully used to interpret the experimental observations.
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A typical strategy to study the physics of the planar
whispering-gallery mode (WGM) resonators consists of
exciting the cavity modes from an adjacent waveguide
and collecting the transmitted light [1]. The resonator-
waveguide coupling (RWC) takes place via an overlap of
the evanescent fields of the waveguide and the resonator
optical modes. In an in-plane geometry [Fig. 1(a)], where
the waveguide and the resonator lay on the same plane, the
mode coupling is known to grow exponentially when the
gap x between these two is decreased. This behavior has
important implications in the amplitude and the linewidth
of resonant dips that appear in the waveguide transmission
spectrum T (w) at cavity mode frequencies. As the gap x is
reduced, the cavity mode linewidth I" increases monotoni-
cally. The transmission T4ip at resonance, in turn, vanishes
at a single critical coupling gap x* when the field propagat-
ing in the waveguide and the secondary emission by the
resonator interfere destructively on exact resonance. This
phenomenology is accurately captured by a theoretical
model based on a spatially localized RWC [2,3] and is
widely applied to all-integrated devices [4-7].

Besides, in present-day integrated optics a vertical cou-
pling geometry for the RWC is also used. In this configu-
ration, the resonator and the waveguide lay on different
planes [Fig. 1(b)] [8-10]. Examples of technologies that
opt for this approach are the heterogeneously integrated
III-V resonators onto silicon waveguides [11,12], micro-
electromechanical systems [13], or doped silica glass-
based resonators [8,14]. In contrast to lateral coupling,
this approach does not require high-resolution lithography
for the definition of narrow gaps and allows for an inde-
pendent choice of materials and thicknesses for the optical
components [8,9]. Advantageously, it permits us to realize
the resonator and the waveguide in separate technological
steps and, therefore, enables the engineering of an evanes-
cent coupling of arbitrary strength [10]. Such features offer
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a larger design flexibility that can be of great utility in a
number of applications to high-speed integrated optoelec-
tronics as well as to cavity optomechanics.

So far, it has been assumed that the standard model of
spatially localized RWC [3] should be able to describe
accurately the RWC also in the vertical coupling geometry
but no specific theoretical study has explicitly validated
this assumption [15]. In this Letter we show both theoreti-
cally and experimentally that this common belief is
actually wrong. In fact, in a vertical geometry, the effective
gap L, between the resonator and the waveguide remains
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FIG. 1 (color online). (a),(b) Sketches of the in-plane (a) and
the vertical (b) resonator-waveguide coupling geometries.
(c) The digitally processed optical image of the vertically
coupled resonator and the waveguide showing a relatively
wide zone where the two are very close and almost parallel.
(d) Plot of the resonator-waveguide separation as a function of
the z coordinate along the waveguide axis in the in-plane [L;(z),
red dotted line] and vertical geometries [L,(z), solid line]. The
presence of the flat zone in L,(z) is highlighted in the inset,
where the first derivative dL,/dz is plotted. The curves are
calculated for a 20 pwm-radius resonator, minimum distance x =
0.75 pwm for the in-plane case and y = 0.75 pwm with lateral
alignment x = 0 for the vertical coupling case.
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almost constant over a sizable distance A along the wave-
guide axis z [Fig. 1(c)]. Within this flat zone, the waveguide
and the resonator can be modeled as a pair of coupled
parallel waveguides for which the coupled mode theory
predicts a periodic exchange of optical power as a function
of the propagation distance. In contrast to the monotonic
exponential dependence of the effective RWC in the in-
plane geometry, the vertical one is characterized by an
oscillating effective coupling as a function of vertical gap
v, with alternating under-and over-coupling regions, sepa-
rated by several critical coupling points. Correspondingly,
both the cavity mode linewidth I' and the dip transmission
T4ip show oscillating dependencies. An excellent qualita-
tive agreement is found between the analytical model
based on coupled mode theory and the experimental
observations.

The crucial difference between the in-plane and the
vertical coupling approaches is apparent from simple geo-
metrical considerations. Let us first consider the in-plane
geometry sketched in Fig. 1(a): in the waveguide and in the
resonator, separated by a minimum gap of x, light prop-
agates along the z axis and a circle of radius r, respectively.
The local RWC depends exponentially on the physical
distance between the waveguide and the resonator: it is

nonzero in the —r <z <r segment and varies as L, =

x + r — +/r> — 72 along the waveguide z axis. On the other
hand, in the vertical geometry [Fig. 1(b)], the resonator and
the waveguide modes propagate on different planes, sepa-
rated by a vertical distance y. As a result, now the physical
distance between the waveguide and the resonator depends
onzasL, = (L2 +y»)"/2

The difference between these two dependencies is illus-
trated graphically in Fig. 1(d). While L,(z) grows rapidly
around its minimum at z = 0, L,(z) has a much smoother
dependence over a wide region where it keeps an almost
constant value. The extension A of the flat zone can be
estimated from the position of the inflection points of
dL,/dz. A direct consequence of the flat zone is that the
vertical geometry can be modeled to a good accuracy as a
pair of parallel waveguides coupled via their evanescent
fields: standard coupled-mode theory [16,17] can be then
used to estimate the coupling coefficients starting from the
physical parameters of the actual devices, such as the
waveguide and resonator dimensions, their separation
gap, and the material refractive indices.

An example of such a calculation is illustrated in Fig. 2.
Panel (a) compares the length A of the flat zone to the half-
period L. = 7/27y of the power exchange between the
parallel waveguides as predicted by coupled mode theory.
The wave vector of these longitudinal oscillations depends
on the system parameters as y = [(AB/2)? + C;,C,; 1"/,
where AB = B, — B, is the propagation constant mis-
match between the two waveguides and Cy, and C,; are
the local mode overlap coefficients, which decrease expo-
nentially with separation distance [2]. While the length A

of the flat zone has a purely geometrical dependence on the
resonator radius and the vertical gap [circles in Fig. 2(a)],
the coupling length L, (solid line) depends on both the
geometry and the refractive indices of the waveguides and
the coupling medium. As shown in the following, the
interplay between these two will drive periodically the
system into the critical coupling state. Under ideal phase-
matching conditions A8 = 0, L. depends exponentially on
the gap y [dashed line in Fig. 2(a)]. For a phase mismatch
AB # 0, L. saturates at large gaps to a finite value of
7/AB, but the energy exchange ceases to be complete,
thus suppressing the coupling.

In order to evaluate the amplitude of the transmitted light
through the waveguide after coupling to the resonator, we
model the flat zone as a two-port beam splitter coupling
the waveguide and the resonator modes [Fig. 2(b)].
Approximating them to be single mode waveguides and
parallel at a constant distance within the flat zone, coupled
mode theory relates the output field amplitudes a,; and a,,
at the end of the flat zone to the incident ones a;; and a;, as

a, = ap exp(i%z)[cos(yz) - i% sin(yz)]
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FIG. 2 (color online). (a) The calculated flat zone (circles) for
a resonator of 40 um diameter and the power transfer distance
ar/2y (solid red line) between parallel waveguides with refrac-
tive indices 1.963 and 1.825 and thicknesses of 400 and 250 nm,
respectively. These result in a finite phase mismatch of A =
0.142 um~! at the operating wavelength of A = 1.58 um.
(b) Sketch of the two-port beam-splitter model. (c) The trans-
mission Ty, and (d) the Q factor of the resonance as a function
of the vertical coupling gap for the exact phase-matching A =0

case. The intrinsic loss of the resonator is set to @ =0.9 um™".
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An explicit expression for the transmitted amplitude a,, is
found by solving the system of Egs. (1) with the additional
condition imposed by plane-wave propagation around the
resonator,

a; = a, exp[—innl(Zﬂ'r - A)]exp[—aL]. 2

Here, « is the overall intrinsic loss (material absorption,
radiative, and surface scattering) of the resonator with a
circumference of L and n, is the effective refractive index
of the resonator mode. This last can be calculated by
extracting the azimuthal mode number M of the mode
and its frequency w, from a numerical model (finite ele-
ment method) and plugging them into the resonance con-
dition Mc/wqg = n;r.

After some mathematical transformations, for generic
values of the phase matching parameter AR, the trans-
mission takes the form

A2

T(w) = )

o ei(cunl/c)LeaL — A¥

2 | B 2
ap

where A = exp(iAz—ﬁA)[cos(yA) - iA—f sin(yA)], B=
[C12Cy/¥*]sin*(yA) and A* is the complex conjugate of
A. In particular, T(w) shows a series of resonant dips each
time the denominator in Eq. (3) reaches its minimum. By
performing a series expansion of Eq. (3) in the vicinity of
one of such resonances at w,, the waveguide transmission
can be expressed in a Lorentzian form

T A ﬁBe‘“L ? 4
= + 7 !
(@) o—wn—mT2|" 4)
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In a weak coupling regime, when yA < 1, I tends to the
intrinsic decay rate I'; = 2ca/n; (for relatively weak in-
trinsic loss, &L < 1). The associated intrinsic (unloaded)
Q factor of the cavity is therefore Q; = w,I'; ! = %221, For
stronger couplings, the decay rate displays oscillations as a
function of yA: for sufficiently low intrinsic losses, it
periodically goes from the under- (I' <2I';) to the over-
coupling (I' > 2T";) regimes passing from the critical cou-
pling (I' = 2I;) condition.

This physics is summarized in Figs. 2(c) and 2(d) for the
exact phase-matching AB = 0 case: the dip transmission
T 4p at the resonance and its quality factor Q are plotted as a
function of the vertical gap y. As the most significant
features, we can mention the following: (i) the dip trans-
mission Ty, shows huge oscillations as the gap y
decreases. (ii) critical coupling (7, = 0) occurs at dis-
tinctly different vertical gaps each time y(y) is such that
the condition

cos2(yA) + (é—f)QSinz(yA) = ¢ 2oL (6)

is fulfilled. Thanks to the sizable extension of the flat zone,
the first critical coupling appears at a relatively large
vertical gap of the order of 2 um. (iii) starting from
Q = Q; in the deep under-coupling regime for large
gaps, the cavity Q shows huge oscillations from the under-
to the over-coupling regime, and vice versa. Regions of the
clear under-coupling regime Q = (; are observed again
for smaller gaps.

The physical origin of this rich behavior stems from the
periodic exchange of optical energy between the wave-
guide and the resonator in the flat zone. These findings
are contrasted with the in-plane case, where the spatially
localized, pointlike nature of the RWC prevents oscilla-
tions from occurring: as the gap x is decreased, the Q factor
is monotonically spoiled and critical coupling occurs at a
single value of the gap only [2-7].

This theoretical model can be directly validated by com-
paring its predictions based on Egs. (3)—(5) to experimental
results. In our experiments, a large set of 40 pwm-diameter
SiN, microdisk WGM resonators, coupled vertically to
1.8 wm-wide silicon oxynitride (SiON,) waveguides
were fabricated and characterized (see Ref. [9] for techni-
cal details). The bulk refractive indices of the two materials
at a wavelength of 1.58 pm are 1.963 and 1.825, while the
thicknesses are 400 and 250 nm for the resonator and the
waveguide, respectively. This set of material and geomet-
rical parameters leads to a slightly non-phase-matched
situation with A8 =~ 0.142 um™'.

In Fig. 3 we show the experimental transmission spec-
trum of a device with a vertical gap of y = 814 nm over a
16 nm wavelength range. Here, two pairs of resonances,
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FIG. 3 (color online). Experimental transmission spectrum for
a device with a nominal vertical gap y = 814 nm. Two series of
narrow and broad resonances are visible, corresponding to
modes of the first and of the second order radial families,
respectively; for each resonant dip, the labels indicate the radial
and the azimuthal quantum numbers of the corresponding mode.
The experimental spectrum (dots) is compared to the theoretical
prediction Eq. (3) for both first and second radial order mode
families (solid lines).
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corresponding to the first and second radial family modes,
are present with markedly different linewidths.

The experimental transmission spectrum is compared to
the theoretical one predicted by Eq. (3) using the value of
the flat zone length A corresponding to the nominal
814 nm gap. The comparison shows a good agreement
with the experiment in terms of both the free spectral
range, the minimum transmission 74, and the quality
factor Q of the resonance: estimates for these two latter
quantities are extracted by a Lorentzian fit to the experi-
mental spectrum once the background of the broader peak
has been subtracted out.

The higher order modes of the resonator can also be
described using the same Eqs. (3)—(5) by considering the
effective refractive index n; and the propagation constant
B; of the ith radial order mode. As an example, in
Fig. 3 we show also the T(w) curve for the second radial
mode family. A detailed analysis of higher order modes
is out of the scope of the present study, therefore, here
we concentrate our attention on the narrow resonances
only.

To get a clear picture of the physics of the vertical
coupling, we study the dependence of the dip transmission
T4ip and the Q factor as a function of the vertical gap y. For
each value of y, the experimental Ty, and the Q of the first
family resonance at around A = 1.58 pum were extracted
from an individual device (waveguide + resonator) with
that nominal value of the vertical gap y [18]. These results
are summarized in Figs. 4(a) and 4(b). In spite of the
experimental uncertainties, the validity of the standard
model with a pointlike in-plane coupling [2,3] is clearly
disproved [see the best-fit 7 and Q dotted curves in
Figs. 4(a) and 4(b)]: as the gap is reduced from around
1.25 pm to around 800 nm, the quality factor Q increases
again by a factor of almost three. Another feature in stark
disagreement with the standard model is the presence of
two distinct values of the vertical gap y = 640 nm and
y = 885 nm at which critical coupling occurs. For vertical
gaps in between these two higher resonant transmission
states are observed again; we measured a Tg;, as high as
60% at a vertical gap of 730 nm. From the experimental
value Q.. of the quality factor at critical coupling we
extract an intrinsic Q; = 2Q,. = 4 X 10*. This shows
that the points for the largest values of the vertical gap
are already in the over-coupling regime.

These results are further illustrated in the right panels of
Fig. 4, where experimental transmission spectra at a few
selected coupling gaps 1470, 1260, 885, and 695 nm are
shown, corresponding to the A, B, C, D labels in panels (a)
and (b). Starting from the largest gap already well in the
over-coupling regime (A), the resonance penetrates further
into the over-coupling regime for a smaller gap (B). When
the gap is decreased even further, it shows first a critical
coupling regime (C) and finally enters into an under-
coupling regime (D).
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FIG. 4 (color online). Vertical gap dependence of the resonant
transmission 7y, (a) and the resonance Q factor (b) for the mode
of the wavelength closest to 1.58 um. Experimental points are
compared to the theoretical predictions of [Eqgs. (4) and (5)]
(solid line). For comparison, the 7 and Q trends for the point
coupling model are reported as dotted lines. The background
colors underline the regions where undercoupling (blue, u),
critical coupling (white, | ), and overcoupling (yellow, o) are
expected. The right panels show the experimental spectra around
A = 1.58 um for a few specific values of the gap as indicated in
the left panels by the A, B, C, D labels: the x-axis zero is set to
the center of the resonance dip.

Using the value for a = 0.9 ,um_l, extracted from the
experimental Q;, and inserting the nominal parameters
(geometrical dimensions of the resonator and the wave-
guide and material indices) of the actual devices, we have
calculated the theoretical curves for Tg,(y) and Q(y).
These are plotted as solid lines in Figs. 4(a) and 4(b),
showing a marked oscillatory behavior in qualitative agree-
ment with experimental data. Even though for a more
quantitative comparison a sophisticated theoretical model
is required, the available experimental data give already
unambiguous indications in favor of the spatially extended
RWC theory developed in this Letter.

To conclude, in this Letter we have theoretically and
experimentally demonstrated radically new behaviors that
occur when a whispering-gallery microresonator is
coupled to a waveguide lying on a different plane. In this
vertical coupling geometry, the effective coupling between
the waveguide and the resonator does not increase mono-
tonically as the gap is reduced, but shows huge oscillations
between the under- and over-coupling regimes. The dra-
matic differences between the vertical and the in-plane
coupling geometries have wide consequences to optical
circuits and their applications to fundamental science
[19] and technological applications [12,14]. For instance,
the use of vertical coupling geometry in second-harmonic
generation experiments will allow to freely tune the Q
factor of the second-harmonic mode at 2w while keeping
the pump at the fundamental frequency w in critical
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coupling. Also, cavity optomechanics experiment will
benefit of the possibility of maintaining high values of
the cavity Q factor in spite of the coupling gap variations
due to the mechanical vibrations of the resonator.
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